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Abstract 

The phase equivalence of the theoretical quark mixing matrix V*^ derived 
from the breaking of the flavour permutational symmetry and the phenomeno- 
logical parametrizations V^^^ and V^*^ is explicitly exhibited. From here, 
we derive exact explicit expressions for the three mixing angles and the CP 
violating phase of the two phenomenological parametrizations in terms of 
the quark mass ratios {mu/mt^rnc/rnt^rnd/mh^ms/mb) and the parameters 
Z*^/^ and <&* characterizing the preferred symmetry breaking pattern. The 
computed values for the CP violating phase and the mixing angles of the stan- 
dard parametrization advocated by the Particle Data Group are 8^2, = 73.2°, 
smei2 = 0.222, sin6'j3 = 0.0036, and sin 6*^3 = 0.040. The computed values 
of the CP-violating phase and the mixing angles of the Kobayashi-Maskawa 
parametrization are = 96.4°, sinOl = 0.2225, sin 6*2 = 0.0384, and 

sin^g = 0.0162. In both cases, the numerical values of the mixing angles 
and CP-violating phase computed from quark masses and the flavour sym- 
metry breaking parameters coincide almost exactly with the central values of 
the same parameters obtained from a fit to experimental data. 

12.15.Ff, 11.30.Er, 11.30.Hv, 12.15.Hh 
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Typeset using REVT^ 



I. INTRODUCTION 



In this paper we review some previous work |^ and give some new results on the 
functional relations between quark masses and quark mixing angles and CP- violating phases 
occurring in the phenomenological parametrizations of the quark mixing matrix. These 
functional relations result from the equivalence under a rephasing of the quark fields of the 
phenomenological parametrizations and the parametrization derived from the breaking of 
the flavour permutational symmetry. 

In the Standard Electroweak theory of particle interactions, quark flavour mixing is de- 
scribed by means of a unitary mixing matrix V. The measurables of this matrix, which 
are invariant under a rephasing of the quark fields, are the moduli of its elements, i. e., 
the quantities |Vjj|. In the case of three families, unitarity of V constrains the number 
of independent moduli to four. In consequence, phenomenological parametrizations of the 
quark mixing matrix expressed in terms of four parameters were introduced without taking 
the possible functional relations between the quark masses and the flavour mixing parame- 
ters into account. Kobayashi and Maskawa ^ originally chose as independent parameters 
three rotation angles and one CP-violating phase. A number of parametrizations of this 
kind, different from the original Kobayashi-Maskawa form have been proposed one of 
the most commonly used is the "standard" parametrization advocated by the Particle 
Data Group |^. From a mathematical point of view, two different parametrizations of the 
3x3 unitary, quark mixing matrix containing four suitably defined, independent parameters 
are equivalent if the moduli of corresponding entries are equal. In such scheme, both, the 
masses of the quarks as well as the mixing angles and the CP-violating phase occur in the 
theory as free, independent parameters. 

In contrast, the elements of the quark mixing matrix V*'*, derived in two previous papers 
from a simple ansatz on the breaking of the flavour permutational symmetry 0, are 
explicit functions of the four quark mass ratios mu/mt, mc/rrit, rrid/mb, ms/rrib, and only 
two, free, linearly independent parameters, namely, the symmetry breaking parameter Z^/^ 
and the CP-violating phase $. The numerical values of Z^/^ and $ which characterize the 
preferred symmetry breaking pattern are extracted from a fit of the theoretical expressions 
|V*^| to the experimentally determined values of the moduli of the elements of the mixing 
matrix |V^J^|. It is remarkable that the quality of the best fit of V*'^ to the experimental data 
is as good as the quality of the fit of the phenomenological parametrizations V^^*^ or V^*^ 
to the same data. More precisely, when the best set of parameters of each parametrization 
is used, the moduli of corresponding entries in V*^ and V'^^'-^ or are numerically 

equal and give an equally good representation of the experimentally determined values of 
the moduli of the mixing matrix jV^J'^l. Hence, we are justified in writing 

|V?f| = |V™| or |V^J| = |VJ^|, (1.1) 

even though V*'' has only two free, real linearly independent adjustable parameters, while 
the number of adjustable parameters in V^^*^ or V^^"'^ is four. 
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In what follows, it will be shown that by means of suitable rephasing of the quark fields 
■yth j-Qg^y changed into new, phase transformed forms V*'' or V*^ such that all their 
matrix elements are numerically equal to the corresponding entries in V^^*^ or V'^*^, both 
in modulus and phase. Once this equality is established, we derive exact explicit analitycal 
expressions for the mixing angles and the CP-violating phase of the two phenomenological 
parametrizations V^-^*^ and V"^*^, in terms of the quark mass ratios mu/rrit, rric/mt, rrid/mb, 
ms/mb, the flavour symmetry breaking parameter Z^/^ and the CP- violating phase $. 
The plan of this paper is as follows: In Sec. we introduce some basic concepts and fix the 
notation by way of a very brief sketch of the group theoretical derivation of mass matrices 
with a modified Fritzsch texture. Sect. fT| is devoted to the derivation of exact, explicit 
expressions for the elements of the mixing matrix V^J^ in terms of the quark mass ratios 
and the parameters Z^/^ and $ characterizing the symmetry breaking pattern. In Sec. 
the phase equivalence of V*'' and the phenomenological parametrrization V"^^"-^ and 
is established. The equations that define the rephasing transformation connecting V*^ and 
V^^'^ are solved in Sec. |V|. Sections [V^ and |V11| are devoted to the derivation of exphcit 
expressions for the mixing parameters sin6'i2, sin ^23, sin6'i3 and the CP violating phase ^13 
of V^^*^ as funtions of the quark mass ratios and the parameters Z^^"^ and $. In Sec. |V111| , 



the equations that define the rephasing transformation relating V*'' and V^^^ are solved. 
Explicit expressions for the mixing parameters sin 61, sin 62, sin 63 and the CP violating phase 
^KM of V'^^^ as funtions of the quark mass ratios and the symmetry breaking parameters 
are obtained in Sec. IX and Our paper ends in Sec. KI with a summary of results and 
some conclusions. 



II. MASS MATRICES FROM THE BREAKING OF Sl{3) Sr{3) 

In the Standard Model, analogous fermions in different generations, say u, c and t or 
d, s and b, have completely identical couplings to all gauge bosons of the strong, weak and 
electromagnetic interactions. Prior to the introduction of the Higgs boson and mass terms, 
the Lagrangian is chiral and invariant with respect to any permutation of the left and right 
quark fields. The introduction of a Higgs boson and the Yukawa couplings give mass to the 
quarks and leptons when the gauge symmetry is spontaneously broken. The quark mass 
term in the Lagrangian, obtained by taking the vacuum expectation value of the Higgs field 
in the quark Higgs coupling, gives rise to quark mass matrices Md and Mu, 

>Cy = qd,LMdqd,R + qM,LM„q„,/j, + h.c. (2.1) 

In this expression, (id,L,R{x) and (iu,L,R{x) denote the left and right quark d- and w-fields 
in the current or weak basis, (iq{x) is a column matrix, its components qg,fc(x) are the quark 
Dirac fields, k is the flavour index. In this basis, the charged hadronic currents, 

~ qu,Llf,qd,L, (2.2) 

are not changed if both, the d-type and the u-type fields are transformed with the same 
unitary matrix. 
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A. Modified Pritzsch texture 



A number of authors |]T|- 0, [ [0]- [^] have pointed out that reahstic quark mass matrices 
result from the flavour permutational symmetry S li-i) ® S ii{3) and its spontaneous or explicit 
breaking. The group S{3) treats three objects symmetrically, while the hierarchical nature 
of the mass matrices is a consequence of the representation structure 1 © 2 of 5'(3), which 
treats the generations differently. Under exact Sl{3) ® Sji{3) symmetry, the mass spectrum 
for either up or down quark sectors consists of one massive particle in a singlet irreducible 
representation and a pair of massless particles in a doublet irreducible representation, the 
corresponding quark mass matrix with the exact 5*^(3) 5'/? (3) symmetry will be denoted 
by Msg. In order to generate masses for the first and second families, we add the terms 
and Mi^ to Ma^. The term breaks the permutational symmetry Sl{3) ® Sfi{3) 
down to 5*^(2) ® Sr(2) and mixes the singlet and doublet representation of 5'(3). Mig 
transforms as the mixed symmetry term in the doublet complex tensorial representation of 
Sdiag{3) C 5*^(3) (8) Sji{3). Putting the first family in a complex representation will allow us 
to have a CP violating phase in the mixing matrix. Then, in a symmetry adapted basis , 
Mg takes the form 
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From the strong hierarchy in the masses of the quark families, m^q » m2q > miq, we 
expect 1 — 6q to be very close to unity. The entries in the mass matrix may be readily 
expressed in terms of the mass eigenvalues [rriiq, —m2q, m^q) and the small parameter 6q. 
Computing the invariants of Mq, trMq, trMq^ and detMg, we get 



miqm2q( 



A, 



'm2q - miq, 



= 6q{{l - miq + m2q - 6q) - miqm2q{l - 6q) ), 

where rhiq = miq/m^q and m2q = m2q/m3g. 

If each possible symmetry breaking pattern is now characterized by the ratio 

Zq'/' = Bq/{-Aq + 6q), 

the small parameter 5q is obtained as the solution of the cubic equation 

6q [(1 + m2q - rfliq - (5g)(l - 5q) - rfliqrfl2q] - Z q{-fa2q + TTllg + dqf = 0, 



(2.4) 
(2.5) 

(2.6) 
(2.7) 



which vanishes when Zq vanishes. An exact explicit expression for 6q as function of the 
quark mass ratios and Zq is given in [|I|. An approximate solution to Eq. ( p. 7] ) for 6q{Zq), 
valid for small values of Zq {Zq < 10), is 

Zq {fh2q - fhiqf 



Sq{Zq 



1 - niiq) (1 + m2q) + 2Zq {m2q - fklq) (1 + 2{m2q - miq)) 



(2.8) 
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B. Symmetry breaking pattern 



In the symmetry adapted basis, the matrix M2q, written in term of Zy^, takes the form 

/O \ 

M2g = m^g {-m2g + rhig + 6g) 1 Z^^ , (2.9) 




when Zg/^ vanishes, 'M.2q is diagonal and there is no mixing of singlet and doublet rep- 
resentations of S{3). Therefore, in the sjTiimetry adapted basis, the parameter Z^^ is 
a measure of the amount of mixing of singlet and doublet irreducible representations of 
5rf.a,(3) C 5^(3)0 5^(3). 

We may easily give a meaning to Z^^'^ in terms of permutations. From Eqs. ( |2.1| ) and 
( p.9| ), we notice that the symmetry breaking term in the Yukawa Lagrangian, c{L^2qflR is a 
functional of only two fields: ^ [q2{X) + V2q3{X)^ and ^ (^-V2q2{X) + g3(X)). Under 
the permutation of these fields, ciL^2q^.R splits into the sum of an antisymmetric term 
q^^M^^q/j which changes sign, and a symmetric term q/^Mf^q^j, which remains invariant. 



2 r 

M2<j = --msgja 



/O 
1 -v^|+26|0 1 ^1^, (2.10) 

\o -Vs -1 




where a = {6g - /\g){^pizy'^ - \) and h={bg~ /\^{^Z]I'^ + 2). It is evident that there is 
a corresponding decomposition of the mixing parameter Z^^ ^ 



Zg^'^ = NAgZT + iV5,4^' (2.11) 

with 

\ = NAg^Nsg. (2.12) 

where Z^J^ = — -\/8 is the mixing parameter of the matrix M^^, and Z^^ = ^ is the mixing 

parameter of Mf^. In this way, a unique linear combination of Z^"^ and is associated to 
the simmetry breaking pattern characterized by Z^"^. Thus, the different symmetry breaking 
patterns defined by 'M.2q for different values of the mixing parameter Z^"^ are labeled in 
terms of the irreducible representations of the group S{2) of permutations of the two fields 
in (iL'M.2g<iR- The pair of numbers {Na, Ns) enters as a convenient mathematical label of the 
symmetry breaking pattern without introducing any assumption about the actual pattern 
of Sl{S) ® Sr{S) symmetry breaking realized in nature. 

C. The Jarlskog invariant 

The Jarlskog invariant, J, may be computed directly from the commutator of the mass 
matrices [|26| 
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det{-i[M.^Md]} ^2 13) 

IF 

where 

F = (1 + mc)(l - fhu){fhc + m„)(l + m^)(l - md){ms + rrid). (2.14) 

.1/2 



Substitution of the expression (U) for M„ and M^, in Eq. ( g33|) , with = Z^^ = Z^/^ 
gives 



(1 + mc)(l - m„)(l + m„/mc)(l + mj(l - mrf)(l + m^/mj 



X |[(-A„ + 5„)(l-5,)-(-A, + 5,)(l-5„)f - (^^)(- 
U-(5J' 



-Ad + (5, 



\2 



-A. + + 2^^y ^(-A. + 5„)(-A, + 5,)co.<|. ^. (2.15) 



where A^ and 5q are defined in Eqs. ( |2.4|) and ( |2.71 ). In this, way, an exact closed expression 
for J in terms of the quark mass ratios, the CP violating phase $, and the parameter Z 
that characterizes the symmetry breaking pattern is derived. 



III. THE MIXING MATRIX 

The Hermitian mass matrix may be written in terms of a real symmetric matrix Mg 
and a diagonal matrix of phases as follows 

M, = P,M,P,t, (3.1) 

The real symmetric matrix may be brought to a diagonal form by means of an orthogonal 
transformation 

M, = 0,M,,,i,gO^, (3.2) 

where 

^q,diag = diag [ rhig, - m2g, 1] , (3.3) 

with subscripts 1, 2, 3 refering to u, c, t in the u-type sector and d, s, b in the d-type sector. 
After diagonalization of the mass matrices Mg, one obtains the mixing matrix V*'^ as 

V*'^ = 0/P"-'^Orf, (3.4) 

where P"~'^ is the diagonal matrix of relative phases 

P''-'^ = diag[l,e"^,e'% (3.5) 

and 
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$ = (0«-0d). (3.6) 
The orthogonal matrix Ogis given by 

O, = ((1 - 5,)m,J\/ D,fl^ ((1 - 5,)m,,h/D,)^l^ ((1 - 5,)h/D,fl^ , (3.7) 

where 

f 1 = 1 - rhiq -6g, f2 = 1 + rh2q - Sg, fs = 6g, (3.8) 

Di = {1 - 6q) {1 - rhig) {m2q + rhig) , (3.9) 

^2 = (1 - Sq) (1 + m2q) {m^q + mig) , (3.10) 

^3 = (l-5,)(l + m2,)(l-mi,). (3.11) 

In these expressions, 5„ and are, in principle, functions of the quark mass ratios and 
the parameters ZU"^ and Z^J"^ respectively. However, in [||] we found that keeping and 

1/2 

as free, independent parameters gives rise to a continuous ambiguity in the fitting of 
\yl^\ to the experimental data. To avoid this ambiguity we further assumed that the up and 
down mass matrices are generated following the same symmetry breaking pattern, that is, 

= = (3.12) 



Then, from Eqs. ( |3.4| ) - ( p. 121 ) all matrix elements in V may be written in terms of four 



quark mass ratios and only two free, real parameters: the parameter Z^^^ which characterizes 
the symmetry breaking pattern in the u- and d-sectors and the CP violating phase The 
computation of is quite straightforward. Here, we will give, in explicit form, only those 
elements of V*^ which will be of use later. From Eqs. (|3.4| )- (|3.12| ) we obtain. 



th 



V 

' us 



nic (1 - m„ - 6u) rfid (1 + m, 

'1 - 5u) (1 - friu) (rhc + fhu) (1 - 5d) (1 + rhs 




+ 
+ 



mums \ f ( ( 1 - m„ - Sy) (1 + - 5d) \ ^'"^ 



{l-mu){mc + mu){m.d + ms)j \\ (1 + m^^ ^ 

1 /2 

(1 + - 5u) 5u {l-fhd- 6d) Sd \ 1 j$ , . 

{l-Su){l-6d){l + ms) ) r 



th 



- 6u){l - mu){fnc + rhu) (1 - 5d)(l + rns){l - rhd) ) 

mu{l+fhc- 5u)K{^-md- 6d){l+ms- 5d) ^ 
(1 - (5„)(1 - mu){mc + m„)(l - 6d){l + rhs){l - rhd) i 



1/2 
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th 



V 

cs 



+ 



and 



~ ~ \ 1/2 



(1 - m„)(mc + m„)(l + m^)(l - m^) 



rriu (1 + mc - 5„) (1 + - 6d) 



1/2 



1 - (5„) (1 + rhc) {mc + fhu) (1 - 6d) (1 + m^) (m^ + rfid) / 

/ rhcSu {l-rhu- 5u) rhsSd (1 - - Sd) \ ^''^ 

\ (1 - 5„) (1 + rhc) {rhc + rhu) (1 - 5d) (1 + rhs) {rhs + fhd) J 

1/2 



/ fhcil + fhc- 5u) ms (1 + m, - 6d) \ 1 j$ , . 

+ l(l + m,)(l-mj(l+m,)(l-m,)i ^ - ^ 



m„(l + me-(5^) rhdrhsdd \ 

^(1 - 6u){l + rhc){rhc + rhu) (1 - 6d){l + rhs){l - rhd) J 
( rhc{l - rhu- 5u)5u{l - rhd- 5d){l + rh^ - Sd) \ 
Su){l + rhc){mc + m„)(l - 6d){l + - rhd) J 

+ ( _^Mi±!!^i^^ L^*. (3.16) 

\{mc + mu){l+mc) {l + ms){l-md) J J 



A. The "best" symmetry breaking pattern 

In order to find the actual pattern of Sl{3) ® 3^(3) symmetry breaking realized in 
nature,we made a fit of the exact expressions for the moduli of the entries in the mixing 
matrix, the Jarlskog invariant, J^^, and the three inner angles of the unitarity triangle, 

^th^ pth ^th^ -j-Q experimentally determined values of l^^^^l, J*^^^, a^^^, (3'^^^ and 7*^^^. 
A detailed account of the fitting procedure is given in Here, we will give only a brief 
relation of the main points in the fitting procedure. 

For the purpose of calculating quark mass ratios and computing the mixing matrix, it is 



convenient to give all quark masses as running masses at some common energy scale p7 



In the present calculation, following Peccei [E^], Fritzsch [E3 and the Ba-Bar book [BD 



we used the values of the running quark masses evaluated at /i = m^. 

mu = 3.25 ± 0.9 MeV = 760 ± 29.5 MeV rrit = 171.0 ± 12 GeV 

md = AA±OMMeV m, = 100 ± 6 Mel/ m;, = 2.92 ± 0.11 Gel/ (3.17) 

These values, with the exception of m^, rric and m^, were taken from the work of Fusaoka and 
Koide see also Fritzsch and Leutwyler [^. The values of mc{mt) and mb{mt) were 
obtained by rescaling to fi = rrit the recent calculations of mc{mc) and mb{mb) by Pineda 
and Yndurain and Yndurain . The value of rUg agrees with the latest determination 



made by the ALEPH collaboration from a study of r decays involving kaons |^| 



We kept the mass ratios = rric/mt , = m^/m;, and rrid = md/rrib fixed at their central 
values 
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mc = 0.0044, m, = 0.034 and rhd = 0.0015, 



(3.18) 



but we took the value 

fhu = 0.000036, (3.19) 
which is close to its upper bound. We found the following best values for $ and Z^/^, 

$* = 90°, = i [^1/2 _ ^ysj _ (3 20) 

corresponding to a value of ^ 0.32. The values of the parameters 6u{Z) and 6d{Z) 
obtained from (|3l8|) , (|3A9| ) and (lOoD are 



5„(Z*i/2) ^ 0.000048, 6d{Z*^^^) = 0.00228. (3.21) 

Before proceeding to give the numerical results for the mixing matrix V*'^, it will be conve- 
nient to stress the following points: 

1. The masses of the lighter quarks are the less well determined, while the moduli of 
the entries in \V^j^^\ with the largest error bars, namely \Vub\ and \Vtd\, are the most 
sensitive to changes in the ratios mu/rric and rrid/ms respectively. Hence, the quality 
of the fit of \V^J^\ to IV^Y^I is good (x^ < 0.5) even if relatively large changes in the 
masses of the lighter quarks are made. The sensitivity of \Vub\ and \Vtd\ to changes 
in mu/mc and uid/ms respectively, is reflected in the shape of the unitarity triangle 
which changes appreciably when the masses of the ligther quarks change within their 
uncertainty ranges. The best simultaneous fit of \Vl-^\, J^^, and a^^, (3^^ and 7*'', to 
the experimentally determined quantities was obtained when the ratio fhu = rriu/mt is 
taken close to its upper bound, as given in ( p.l9| ). Furthermore, the chosen high value 
of fhu gives for the ratio |V^uf,/Kfe| the value 



- '^"^ 0.09 ±0.025 (3.22) 



Vrh\ V rrir. 



in very good agreement with its latest world average [ |^, fS^], [p^j. 



2. As the energy scale changes, say from fi = rrit to fi = 1 GeV, the running quark masses 
change appreciably, but since the masses of light and heavy quarks increase almost in 
the same proportion, the resulting dependence of the quark mass ratios on the energy 
scale is very weak. When the energy scale changes from = rrit to fi = 1 GeV, rhu 
and rhd decrease by about 25% and rhc and rhs also decrease but by less than 16%. 

3. In view of the previous considerations, a reasonable range of values for the running 
quark mass ratios, evaluated a.t fi = rrit = 171 GeV, would be as follows 

0.000022 < m„< 0.000037 
0.0043 < mc< 0.0046 
0.0013 < Thd< 0.0017 
0.032 < m,< 0.036 (3.23) 
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The results of the fit of the theoretical expressions for |V^*'^|, J*'^, a*^, and 7*^* to 



the experimentally determined quantities is as follows: 
The quark mixing matrix computed from the theoretical expresion V*'^ with the numerical 
values of quark mass ratios given in (|3 .181) and (|3.19|) and the corresponding best values of 
the symmetry breaking parameter, Z*^/^ = y81/32, and the CP- violating phase, $* = 90°, 
is 



yth 



( 0.9749 e*i° 0.2225 e^^^^° 0.0036 e^^^° 

0.2223 e^"3° 0.9742 e^^^" 0.040 6^^°° | (3.24) 
V 0.0086 e^270° 0.0392 e^270° 0.9992 e^^o" 



In order to have an estimation of the sensivity of our numerical results to the uncertainty 
in the values of the quark mass ratios, we computed the range of values of the matrix of 
moduli \yl^\^ corresponding to the range of values of the mass ratios given in (|3.23|) , but 

keeping $ and Z^l'^ fixed at the values $* = 90° and Z*^/^ ^ ^81/32. The result is 



IV 



th\ 



1 0.9735 - 0.9771 0.2151 - 0.2263 0.0028 - 0.0040 ~ 

0.2151 - 0.2263 0.9726 -0.9764 0.037- 0.043 |, (3.25) 
V 0.0078 - 0.0093 0.036 - 0.042 0.9991 - 0.9993 



which is to be compared with the experimentally determined values of the matrix of moduli 



' 0.9742 - 0.9757 0.219 - 0.226 0.002 - 0.005 
I = I 0.219 - 0.225 0.9734- 0.9749 0.037- 0.043 |. (3.26) 
0.004- 0.014 0.035 - 0.043 0.9990 - 0.9993 



As is apparent from ( ^.24| ), ( |3.25| ) and ( ^.26] ), the agreement between computed and 



experimental values of all entries in the mixing matrix is very good. The estimated range of 
variation in the computed values of the moduli of the four entries in the upper left corner 
of the matrix |V*^| is larger than the error band in the corresponding entries of the matrix 
of the experimentally determined values of the moduli jV^^^I. The estimated range of vari- 
ation in the computed values of the entries in the third column and the third row of \y^'\ is 
comparable with the error band of the corresponding entries in the matrix of experimentally 
determined values of the moduli, with the exception of the elements \y^\ and \yl^\ in which 
case the estimated range of variation due to the uncertainty in the values of the quark mass 
ratios is significantly smaller than the error band in the experimentally determined value of 

iKrn and \v:r\. 

The value obtained for the Jarlskog invariant is 

J*'^ = 3.0 X 10-^ (3.27) 
in good agreement with the value | J^^^| = (3.0 ± 1.3) x 10~^sm5 obtained from current data 



on CP violation in the K° — K° mixing system H] and the B° — B° mixing system [30 



For the inner angles of the unitarity triangle, we found the following central values: 



10 



a 



83.6° P = 23.2° 



7 



73.2°. 



(3.28) 



An estimation of the range of values of the three inner angles of the unitarity triangle, 
compatible with the experimental information on the absolute values of the matrix elements 
yexp^ is given by Mele |^ and Ali ||36|. According to this authors, 75° < a < 121°, 
16° < j3 < 34°, and 38° < 7 < 81°. We see that the central value of (3 obtained in this work 
is close to the lower limit according to Mele |25|, while 7 is close to the upper limit given by 
Mele [RH] and a is in the allowed range given by these authors. 



IV. PHASE EQUIVALENCE OF V^^ AND THE PHENOMENOLOGICAL 
PARAMETRIZATIONS V^^'^' AND V^^^^ 

In the mass basis, the quark charged currents take the form 

Jl^ = ^^ul'V,,^ir (4.1) 

A redefinition of the phases of the quark fields which leaves invariant, will change the 
arguments of Vij but leave the moduli \Vij\ invariant, 

Vij ^ % = ^"^Vi^f^. (4.2) 

Hence, the invariant measurables of the quark mixing matrix are the moduli of its el- 
ements, i.e., the quantities |Vij|, and the Jarlskog invariant J. But even J up to a sign is 
a function of the moduli [OT. In the case of three families, unitarity of V constrains the 



number of independent moduli to four 



In consequence, in the current literature, V, is usually parametrized in terms of four indepen- 
dent parameters. Kobayashi and Maskawa [0] originally chose as independent parameters 
three rotation angles and one CP-violating phase. A number of parametrizations of this 
kind, different from the original Kobayashi-Maskawa form have been proposed [Q. One of 
the most commonly used is the "standard" parametrization advocated by the Particle 
Data Book . From a mathematical point of view, all parametrizations of the flavour mix- 
ing matrix containing four, suitably defined, independent parameters are equivalent. 
In contrast, the parametrization V**^, derived in the previous sections from the breaking 
of the flavour permutational symmetry, has only two free, linearly independent parameters, 
namely, the symmetry breaking parameter Z^/^ and the CP-violating phase When the 
best values of the parameters Z^l"^ and $ are used, the mixing matrix V**^ reproduces the 
central values of all experimentally determined quantities, that is, the moduli \V^j^^\, the 
Jarlskog invariant J^^^ and the three inner angles, a, (3 and 7 of the unitarity triangle. The 
quality of the fit of V**^ to the experimental data is as good as the quality of the fit of 
the phenomenological parametrizations V^^*^ and to the same data. More precisely, 

when the best set of adjustable parameters of each parametrization V**^, V^^*^ and V^^, 
obtained from a fit to the same experimental data, the moduli of corresponding entries 
in the matrices V**^, V^^*^ and V^^, are numerically equal and give an equally good 
representation of the experimentally determined values |V''''Pij|. From this observation, it 
follows that the symmetry derived V**^ and the phenomenological parametrizations V^^^ 
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and V^'^ should be equivalent up to a rephasing of the quark fields in the mass represen- 
tation. In the following, we will show that it is possible to derive new theoretical mixing 
matrices V*"^ and V*^, related to V**^ by biunitary rephasing transformations, and such 
that all corresponding entries in V**^ and V^^*^ or V**^ and V^'^ are equal in modulus and 
phase. From here, we will obtain exact, explicit expressions for the three mixing angles and 
the CP-violating phase ocurring in V^°^ and V^'^ as functions of the quark mass ratios 
and the parameters Z*^!'^ and $* characterizing the preferred symmetry breaking pattern. 

V. PHASE EQUIVALENCE OF V^^ AND V^^*^ 

The standard parametrization |Q of the mixing matrix recomended by the Particle Data 
Group P is written in terms of three mixing angles 6*12, Q2Z1 O13 and one CP violating phase 

^13, 



V 



PDG 



C12C13 S12C13 sise 

-S12C23 - Ci2S23Sl3e*''^=' C12C23 - Si2S23Si3e*'^" S23C13 | (5.1) 

V ■S12S23 — Ci2C23Si3e*'^^^ — C12S23 — Si2C23Si3e*''^^ C23C13 



where Cij = cos% and Sij = sin 6ij. 

The range of values of the experimentally determined moduli in l^^^^l, as given by Caso 
et a/ 0, corresponds to 90% confidence limits on the range of values of the mixing angles 
of 

0.219 < si2 < 0.226, (5.2) 
0.037 < S23 < 0.043, (5.3) 

0.002 < si3 < 0.005. (5.4) 

Seven of the nine absolute values of the CKM entries have been measured directly, by 
tree level processes. A range of values for the four parameters, Si2, S23, S13 and 613 which is 
consistent with the seven direct measurements and the experimentally determined values of 



the moduli of |V|^^p is given by Nir ^8 



0.2173 < S12 < 0.2219, (5.5) 

0.0378 < S23 < 0.0412, (5.6) 

0.00237 < si3 < 0.00395, (5.7) 
C13 is known to deviate from unity only in the sixth decimal place [ 0, |^| 



The CP violating phase ^13, at present, is not constrained by direct measurements. 
However, the measurements of CP violation in K decays force ^13 to lie in the range 
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< (5i3 < vr. (5.8) 

The standard parametrization V^^*^ was introduced without taking the possible func- 
tional relations between the quark masses and the flavour mixing parameters into account. 
In contrast, these functional relations are explicitly exhibited in the theoretical expressions, 
V^J^, derived in the previous sections. Furthermore, we have seen that, when the best values 
of the parameters Z^^"^ and $ are used, the mixing matrix V*'' reproduces the central values 
of all experimentally determined quantities, that is, the moduli \V^Y^'\, the Jarlskog invari- 
ant J'^^P- and the three inner angles, a, (3 and 7, of the unitarity triangle Since the two 
parametrizations reproduce the same set of experimental data equally well, we are justified 
in writing 

K\ = i^r^^i = i^ri- (5-9) 

We cannot simply equate V*'' and V'^^*^ because the arguments of corresponding matrix 
elements in the two parametrizations are not equal 

ar^?(V;f ) ^ arg{V^^^). (5.10) 

This difference is of no physical consequence, it reflects the freedom in choosing the unob- 
servable phases of the quark fields in the mass representation. A redefinition of the phases 
of the quark fields which leaves invariant, will change the argument of V^^J^ but leave the 
moduli W^M invariant 



C ^^f = e"*''^ Ce'''^" • (5-11) 



The phases Xi ^ind x'j ocurring in Eq. ( f4.2| ) will be determined from the requirement that 
corresponding entries in V*'*' and V"^^"^ be equal, 

in this expression w*'^ and wfj^*^ are the arguments of Vlj" and Vj^^^ respectively. Since the 
moduli \ VlJ^\ and jV^jJ^'^'^l are equal, the arguments of the entries in the two parametrizations 
are related by the set of nine equations 

xr-X? = <-<^''. (5.13) 



The set of Eqs. (|5.13| ) relate the differences of the unobservable quark field phases to the 



differences of the arguments of corresponding entries in V*'' and V"^^"^. 
We notice that the set of Eqs. ( p.l3[ ) is overdetermined. In the left hand side of Eqs. 
( ^.13| ) there are nine differences of unobsevable quark field phases formed from only six 
different unknown quark field phases. Since only differences of phases may be determined, 
the phases themselves are defined only up to an additive constant which may be fixed by 
giving the value of one of the unknown quark phases. Therefore, in Eqs. (|5.13|) there are 
nine equations to determine five unknowns. This is possible only if a set of 4 consistency 
conditions is satisfied. The consistency conditions are non trivial relations expressing the 
five non-vanishing arguments wf^'-' of V^^*^ in terms only of the known arguments wf^ of 
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A first consistency condition may be derived from tlie equality of the determinants of V*** 
and V^^^. From the definition of the rephasing transformation, Eqs. ( [4.2|) and (|5.12|) , it 
follows that 



det V*'' = det [X!, V^^^X, 



(5.14) 



in this expression X„ and X^ are the diagonal unitary matrices of phases ocurring in Eq. 
The determinant of V^^*-^ is one, hence. 



det 



Similarly, from the definition of V , Eq. 



, we get 



det V 



th 



det 



QTpu-dQ 



det (olOd) det P"" 



(5.15) 



(5.16) 



the determinant of the orthogonal matrices is one, and the determinant of the diagonal 
matrix of phases P"~'^ is e*^*. Taking for $ the best value $* = 7r/2, we obtain 



detV*'^ = e"" =e- 
Substitution of Eq. (|]T|) and Eq. ( ^Tfj) in Eq. {^J§ gives 



J2'S>* 



(5.17) 



id) 



2$* 



TT. 



(5.18) 



i=l 



This phase relation guarantees the equality of the determinants of V*'' and V^^*^. 

The sum of the unobservable quark field phases ocurring in the left hand side of Eq. (^.18 ) 

may be computed from Eqs. ( |5.13| ), 



i=l 



_ id) 



E 

i=l 



th 



W 



PDG 
22 



(5.19) 



Now, we eliminate the unobservable quark field phases between Eq. ( |5.18| ) and Eq. ( p. 191 ), 

to get. 



w. 



PDG 
22 



1=1 



th 

ii 



2$*. 



(5.20) 



This, relation shows that arg(V2^^'~^) is uniquely determined {mod 27r) in terms of the argu- 
ments of the entries in V*'^. 

A set of consistency conditions for the solution of Eqs. ( ^.13| ) may be derived in a similar 
way by elimination of the quark field phases. From Eqs. ( ^.13| ), differences of phases of the 
same quark field type, say {^^f* — X/'*); i^ay be computed from Eqs. ( |5.13| ) in at least three 
different ways. This redundancy implies the existence of non-trivial relations among the 
arguments of the entries of the two parametrizations. For example, from Eqs. ( p.l3| ), the 



difference [xt^"^ 



(d) 



X2 ) gives 
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X? - = < - < + w^f^, (5.21) 
and the difference (^Xi"^ ~ Xa'^'') ~ (xi"'* ~ X2'^'') gives 

xi'^ - = ^fs - + ^13. (5.22) 

If the phase difference 1x2'^^ — Xs'^^) is ehminated between Eqs. ( [5. 21] ) and ( |5.22| ) we get 



- "-zT" = < - < ' '"i + "-S- (5.23) 



Using the same ehmination procedure for all possible combinations (^Xi^ 

i^Xi"^ "~ Xf^^ we derive a set of nine equations, only four of which are linearly independent. 
One of these is Eq. ( p. 231 ), for the other three we may take 

- + ^^2^^ = < - < - < + (5.24) 

- ^2'"'' = -< + < + < - <2, (5.25) 

and 

- + wg^'' = -< + wl', + <2 - «^33- (5-26) 

Since, in V^-^*^ there are five entries with non-vanishing arguments, namely, w^^^ = 
—6i3,W2^'^,W2'f"^,w^^'-^ and w^^^ , we require still one more equation relating the argu- 
ments of the entries of the two parametrizations. This is obtained from the phase relations 
between the determinants of the two matrices, V*'^ and V-^^"-^. 

With the help of Eq. ( ^.20| ) we solve Eqs. ( |5.23| )-( p.26|) for all the other non- vanishing 
arguments of V^^*^ 



(5i3 = wf^ + w% - wfg + <3 + - 2$* (5.27) 
= <i + < + < - 2$* (5.28) 
= < + < + <3 - 2$* (5.29) 



uj^^^^ = wll + wll + w\l - 2^* . (5.30) 

In this way, we have shown that the arguments wf^^^ of V^^'^ are uniquely determined 
(mod 27r) by the arguments wf^ of V^^. 



We now return to the question of the quark field phases and the phase transformation 
from Vl^ to l^if^^. Substitution of Eqs. (|5^)-(|OD|) into Eqs. ( pTT^ ), gives the differences 
of the quark field phases explicitly in terms of the known arguments w*^ of V^^. The quark 
field phases themselves are determined only up to a common additive constant. Since the 
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quark field phases are unobservable, without loss of generality, we may fix one of them, and 
solve for the others. In this way, if we set Xi = O5 we get 

xi = 0°, 
xi = < - <, 

X3 = -<-<-^2 + 2$*, 

Xi = <, 

X3 = -^23-< + 2$*. (5.31) 
Then, the diagonal matrices of phases required to compute the phase transformed V*^ are 

X„ = diag[e'<\ e^(-<— gi(-«;i-<+2$*)] 

and 

Xrf = diag[l, e'^<^-<'\ giK^^§-^§+24.*)|_ ^5_33^) 
Hence, with the help of Eqs. (|5.27| )- (|5.3CI|) , we verify that 



X|;.V*'^Xd = V^^^ (5.34) 



is satisfied as an identity, provided that |V^*'^| = iV^j'^'^^ 



VI. THE MIXING ANGLES OF THE STANDARD PARAMETRIZATION V^^"^ 

The standard parametrization V^j^^ advocated by the PDG and the symmetry derived 
parametrization V^^J^, give an equally good representation of the experimentally determined 
values of the moduli of the entries in the quark mixing matrix \V^^'^\ Hence, we may 
write 

K\ = \V^''% (6.1) 

even though V^J^ has only two adjustable parameters (Z^^^, $) while the number of ad- 
justable parameters in V^^'^'^ is four, namely, (6*12, 6*23, 6*13, 613). All entries in \V^J^\ are 
explicit functions of the four quark mass ratios {mu/Tnt,mc/mt,md/mi),ms/mb) and the 
two parameters Z^/^ and $. The equality of the moduli of corresponding entries of the two 
parametrizations will allow us to derive explicit expressions for the mixing angles in terms 
of the four quark mass ratios {mu/mt, mc/rrit, rrid/ mi,, ms/rrii,) and the parameters Z^^'^ and 

From the equality of \V^^\ and jV^if'^'^l, it follows that 

sin^i3 = (6.2) 



if we take \V^I^\ from (|3.14|) , and we set $ and Z^^^ equal to their best values $* = 7r/2 and 
^1/2* = J^^ we get 
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sin^^ 



13 



+ 



(1 - 6l){l - mu){m, + m„)(l - 6l){l + m,)(l - m^) 
\(1 - mu){mc + m„)(l +ms)(l - md) / 
(1 - 5* ) (1 - m„) (m, + m„) (1 - 53) (1 + m,) (1 - m^) j 



(6.3) 



The computation of sin ^23 is slightly more involved. From Eq. { f).l\) and the equality of 
|V;f I and \ V^^^\, we obtain 



sin $■ 



23 



lib I 



(6.4) 



Substitution of the expressions ( ^36|) and (|3lD with $* = 7r/2 and Z*^/^ ^ fo^ 
and \V^b\ in Eq. (|6^) gives 

sin6l23 = 



th\ 
cb I 



V 1 + rric 

^Jm^{l - m„ - 5l)5l{l - - 53)(1 + - ^d) 
X ^ - V(l-5:)m„(l-m„-5*)(l- 52)52 



(l-5*)m,(l + m,-5*)(l- 52)52 

.-| 1/2 



- v^m„(l + - 5*)5*(1 - - 52)(1 + - 52) 
+ (1 - 5*)(1 - m„)(mc + m„)(l - 52)(1 + m5)(l - rhd) - fnc{l - rhu - 6l)mdThs6d 



-1/2 



(6.5) 



Similarly from Eq. ( p.l| ) and the equality of |V"/^| and jV^^'^'^l, we obtain 



sin^ 



' MS I 



12 



1 - le'^ 



Then, substitution of the expressions (p.l3|) and ( p.l4|) for \V^^\ and |K^| in ( |6.6| ) gives 



(6.6) 



sin6' 



12 



fhs + md 



mc(l - m„ - 5*)md(l + - 52) 



+ 



- ^:)^n(l - m„ - 5*)(1 - 52)m,(l + m, - 52) 

--| 2^1 1/2 



+ v/^m(1 + - 5;:)52m,(l - - 52)52 



X - 



v/(l-5:)m.(l-m„-5:)(l- 52)52 



- V^«(l + - 5:)5*(1 - m, - 52)(1 + - 52) 

+ (1 - 5*)(1 - mu){rhc + m„)(l - 52)(1 + m^)(l - rhd) 

^-1/2 

- mc(l - m„ - 6l)mdms6d | 



(6.7) 
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The computed values for sin ^12, sin ^23 and sin ^13 corresponding to the best fit of \yl^\i 
J^^ and a*'', j3^^ and 7*^^ to the experimentally determined quantities |V^j^^|, J^^^ and the 
three inner angles of the unitarity triangle a^^^, f3^^^ and 7^^^ are obtained when the nu- 
merical values of \V^^\, 114*6" I l^ctl computed from Eqs.( p.l3|) , (|3.14|) , (p.l6|) and given 



in Eq. ( |3.24| ) are substituted in to Eqs. (|0|), ( |6^ ) and (|6.6|) . In this way, we get 

sin ^^2 = 0.222, (6.8) 

sin = 0.040, (6.9) 

sin = 0.0036. (6.10) 
The numerical value of cosOl^ deviates from unity in the sixth decimal place. 

We notice that the numerical values of the mixing angles computed from quark masses 
and the best values of the symmetry breaking parameters coincide almost exactly with 
the central values of the experimentally determined quantities, as could be expected from 
Eq. (|6.1|). This observation is interesting because, in the case of three families, the most 



general form of the mixing matrix has at most four free, independent parameters which 
could be four independent moduli or three mixing angles and one phase as occurs in V^^*^. 
The symmetry derived V*'^ has only two free, real independent parameters. In spite of that, 
the quality of the fit of V*'' to the experimental data is as good as the quality of the fit 
of v^^*^ to the same data. The predictive power of V*'^ implied by this fact originates 
in the fiavour permutational symmetry of the Standard Model and the assumed symmetry 
breaking pattern from which the texture in the quark mass matrices and V*'^ were derived. 



VII. THE CP VIOLATING PHASE 5 
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The CP violating phase 613 of the standard parametrization V^^"-^ of the quark mixing 
matrix is given in Eq. ( ^.27|) in terms of the arguments w-^ of five entries in the theoretical 



expression for V"j* and the corresponding CP violating phase $. Taking from Eq. ( |3.24| ) the 



numerical values of the arguments wjj and setting $ equal to the best value $* = tt/2, we 
obtain the numerical value of 613 corresponding to the best fit of \Vll^\ to the experimental 
data 

(5i*3 = 73.2°. (7.1) 

This predicted value of ^13 is very close to the numerical value of the third inner angle 7, of 
the unitarity triangle. The difference may readily be computed in terms of the arguments 
wl'l- From the expression for 7 



7 = arg -7771^ (7.2) 



we get 
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-l = w\\- wf^ - wl\ + wl'l + 7r (7.3) 
which, when compared with the expression ( 5.27|) for ^13 gives 



- 7 = 5i3 - (^2 + < + < - 2$* - vr). (7.4) 



Taking from Eq. (|3.24|) the numerical values of the arguments corresponding to the best 



values $* = 90° and Z^/^* = we obtain 

{w\''2 + wl\ + wtl^-2(^* -7t) =0M°. (7.5) 
This is, indeed, a very small number, and justifies the approximation 

-7^5i*3- (7.6) 

According to this, the value of I7I computed from quark mass ratios and the best values of 
the parameters Z*^/^ and $* is I7I = 73.2°, in agreement with the bounds extracted from 
the precise measurements of the oscillation frequency |3^ and the measurements of the 



rates of the exclusive hadronic decays — »• ttK and the CP averaged B^ —>■ vr^vr^ 
Exact explicit expressions for the CP violating phase ^13 in terms of the four quark mass 
ratios and the parameters Z*^/^ and $* may readily be found; such an expression could be 
derived from Eq. ( |5.27| ) in terms of the arguments of five matrix elements of V*''. However, 
a simpler expression, involving only four matrix elements of V*'^ may be obtained from the 
Jarlskog invariant J. 



The Jarlskog invariant may be written in terms of four matrix elements of V as 

J = Im[Vi2V23V,%V*,]. (7.7) 

Since J is an invariant, its value is independent of the particular parametrization of V. If 
we write the right hand side of Eq. (|7. 7]) in terms of the standard parametrization V-^^*^, 
we obtain 

jth 

sin(5i3 = 2 • C^-S) 

'Sl2Sl3S23Ci2C;^3C23 

The terms in the denominator in the right hand side of this expression were written in Eqs. 
(|OD, ( |6^ and ( ^^ in terms of the moduh \V-I;^\ and mf"!- Hence, 



S12S13S23C12C13C23 = 



\yth\ 


\yth\ 


\yth 
1 '^23 


[(1- 


yth 


2 _ 


yth 
^12 




yth 
^13 


2 _ 


yth 
^23 


2)]l/2 


1 - 


yth 


2 



(7.9) 



Substitution of Eq. (^ in Eq. (^ gives 

^.^ ^ (1 - \Vl3'\')MVuViVltV22*] .7 

\v,nvi\\viyii - \vif - \v,fm - \v^f? - \vi\'y 

the right hand side of this equation may be written in terms of the quark mass ratios and 
the symmetry breaking parameters Z*^^"^ and $* with the help of Eqs. (|6.3| ), (|6.5|) and ( |6.7D . 
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A simpler expression which leads to a very accurate approximation for ^13 is obtained from 
Eq. (|7.10|) if the matrix elements in the square brackets are written as modulus and argu- 
ment, and use is made of the unitarity of V*'^ to simplify the denominator, 



sin (5 



13 



(1- 


yth 




sin (w^2 + '^23 ~ ^13 ~ '^22) 




\nh\ 


\ ^33 





(7.11) 



Explicit expressions for the arguments w^^^w^^^w^^ and in terms of the quark mass 
ratios may be derived from Eqs. ( |3.1^j| )-( P?TB| ) setting Z^/"^ and $ equal to their best values 
= J§ and $* = 7r/2, we get 



w*^ = TT - tan ^ 



nicnid 



[l+mc-5l){l-md-5l) 
r""'^(l-m„-5:)(l + m,-5- 



(7.12) 



w*^ = TT - tan ^ 



W7fb = tan 1 



rriumdms 



\ 



5l{l -mu- <5*)(1 -rhd- 5l){l + - 5^) 



(7.13) 



nicmdnis 



{l-5l){l-5l) 



\ 



53(1 - m„ - 51) 



(7.14) 



i/h = tan ^ 



/ rricms 



:i-m„-(5*)(l-mrf-,5^) 
r""'^(l + m,-5:)(l+m,-52) 



515 



. (7.15) 



Computing the second factor in square brackets in the leading order of magnitude, we 



get 



<s ~ - tan M W 

\ V mciTid , 



(7.16) 



■"^cb ~ ^ - tan ^ 



m^mdms 



(7.17) 



tan 



mjUdms 



1 - 



/4n 



(7.18) 



and 
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"^cs 



tan 



(7.19) 



The modulus | has already been expressed in terms of quark mass ratios and the param- 
eters characterizing the symmetry breaking pattern Z*^/^ and in Eqs. ( |6.2|) and 
Similar expressions for the other moduli ocurring in Eq. ( [7.11|) may also be given 



IK 



ud I 



nic (1 - m„ - 6*) nis (1 - - 5^) 



1/2 



(1 - (5*) (1 - rriu) {rric + rriu) (1 - 6^) (1 - ma) {rris + m^) 
((l-<5:)(l-5^))^/^+fo; 



X < 1 + -:— :— 

rricms 



, (l + me-^:)(l + m.-^^) \ 



(7.20) 



IK. 



X 



me {l + rric- S^) m, (1 + m, - (5^) 
(1 + (mc + m„) (1 + m^) (m^ + fn^ j 



1/2 



m,ms (l-5*)(l-5^) 



1/2- 



, (1 - bl) (1 - 52) (1 + m, - m„) (1 + m. - ^2) , 

1 1 V2 



(7.21) 



IK 



th\ 



+ 



(l-m.-(5:)(l + m,-5:)(l-m,-52)(l-m,-(52) ^^/^ 
(1 - <5*)(1 + me)(l - mj(l - + m,)(l - m^) 

^/ <^:<^2(i-(^:)(i-<52) 

1,(1 + - <5:)(1 - m„ - (5:)(1 - - + - 5^ 
(1 - - 5*)(1 + m, - (5*)(1 + m, - 52)(1 - - 5*) 



1/2- 



(7.22) 



Computing in the leading order of magnitude, the first factor in the right hand side of 
Eq. (fml) gives 



(l-|K/3l^)lK*2l ^ (l-5:)(l-m„)(l-5g)(l-m,) A _ /T7 
iKAIlKfl ^ (l-m„-5:)(l-m,-5*) I m/V ^ 



(7.23) 



Inserting in to Eq. ( [7.23| ) the numerical values of the mass ratios and — y^i^ = 0.04, we 
find that the right hand side of Eq. (|7.23|) differs from one in the third decimal place. 



(1-IKf 




IKtllKf 





1. 



Therefore, 



sin 5*3 ^ 



sin(t.f, + w'^, - t^f, - ^*^) 



(7.24) 



(7.25) 



taking the numerical values of the argument in the right hand side of Eq. ( [7.25| ) from ( p. 241) , 
we obtain 



21 



s 



13 



73°, 



(7.26) 



PDG f^Qj^ Eq. (log ) and 
(|7.25| ) is a very good 



in agreement with Eq. ( |7.1|) . The approximate expression Eq. ( 7.25| ) for sin could also 
be derived from Eq. ( p.23| ) if W2'f"^ is neglected. Computinj 
(ffl^)-([rT5|), we obtain w^2^^ = -0.0018° which shows that Eq. 
approximation. Since Eq. ( [5. 201 ) was derived from the the phase relations expressing the 
arguments of Vj^^'^ in terms of those of V/J^, while Eq. (|7.11|) was derived from the expression 
Eq. ( |7.1U| ) for the Jarlskog invariant, the agreement found between Eqs. ( |5.20| ) and ( |7.11| )- 
( [7.25| ) is a consistency check of our formalism. 



VIII. PHASE EQUIVALENCE OF V^^ AND THE KOBAYASHI-MASKAWA 

PARAMETRIZATION V^^ 

The quark mixing matrix was parametrized by Kobayashi and Maskawa in terms of 
the three mixing angles, 61, 62, and ^3, and one CP violating phase ^13 



rKM 



S1C2 C1C2C3 - SaSse^''^*^ C1C2S3 + 82836'^'^''' I (8.1) 
\ S1S2 C1S2C3 - 02836'^^'^' C1S2S3- - 02836'^'^^'' 



where q = cos^j and Si = sin^j. 
It is readily verified that 

det V^^^ = -e'^^" (8.2) 

As discussed in section |V|, the parametrization V*^ derived from the breaking of the 
flavour symmetry and the Kobayashi-Maskawa parametrization V^^^, give an equally good 
representation of the values of the moduli |V^J^| of the mixing matrix even if V*'^ has only 
two free, linearly independent parameters. Hence, the two parametrizations are equivalent 
up to a rephasing of the quark fields. Therefore, we may define a phase transformed V*^, 
such that all entries in V^j* are numerically equal to the corresponding entries in V^*^ both 
in modulus and phase, 

V*'' = X^t^,V*^Xi^, = V^^. (8.3) 



The diagonal matrices 



and 



are determined from the equality of V and 



X^jvf = diag[e"^^\e"^^2e"^^ (8.4) 



= diag[e''t'", e'^^^e'^^ (8.5) 

rth „„J -xtKM 



^? = < - (8.6) 



22 



where 



= ^rg{Vf,''). (8.7) 



In the left hand side of Eqs. (|8.6| ) there are nine differences of phases formed from only 
six unobservables quark field phases. Differences of phases of the same quark field type, say 
(0^ — (f>'ji), may be computed from Eqs. (|8.6|) in at least three different ways. Elimination 
of the unobservables differences of quark field phases between these expressions gives a set 
of consistency conditions relating the known wjj and w^^^ . 

w^^"" = 71, (8.8) 

^f3^ = TT, (8.9) 
W^2'' = < - <2 - < + ^22 + ^, (8.10) 

^s"' = < - <3 - < + < + (8.11) 

^3^/^ = W\\ - Wf, - < + Wf, + TT, (8.12) 

-,,KM „,,th „,,th „,,th I „,,th i /C 1 Q^ 

^33 =^11-^13-^31+^33 + ^' (8-13) 

when the expressions (fj.8[-^.13D are substituted in Eqs. (fj.6D we obtain the differences of 



the quark field phases as functions of the arguments wlj of V'^*. The quark field phases 
themselves are determined only up to a common additive constant which is fixed by giving 
the value of one of them. If we set xf = '^^ g^t 

X^M = diM^, e-^«-"'"9, e-^("'"-"'3'i)] (8.14) 

and 

X^M = dtag[e~'<\ g-^Ka-), g-'^"'"-'^)]. (8.15) 
With the help of (|8.14| ) and (|8.15|) it is readily verified that ( ^.3|) is satisfied as an identity. 



IX. THE CP VIOLATING PHASE ^/o/ OF THE KOBAYASHI-MASKAWA 

PARAMETRIZATION. 



The CP violating phase 6km is implicitly determined by the equations (^]8|- p.l3|) . An 

th 



explicit expression for Skm in terms of the arguments ly*^ of V*^ may be obtained from the 



identity 

det[V^*^] =det[V*''], (9.1) 

and 
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Substitution of Q and in gives 



5xM = E(0f-C) + 2$*-vr (9.3) 

i=l 

Now, from Eqs. (gj) and M - |8A3|) , 

= - - - t/^f^ - (9.4) 

This expression gives the CP- violating phase 5km of the Kobayashi-Maskawa 
parametrization, V^*^, in terms of the known arguments of the symmetry derived 
parametrization V*^. 

Taking the numerical values of the arguments wf^ ocurring in (|9.4| ) from Eq. ( p.24| ), we 
obtain 



JKM 



96.4° (9.5) 



or 



= vr - 83.6°. (9.6) 



The value of the inner angle a of the unitarity triangle found in our fit of V*'' to the 
experimentally determined values of the moduli |V^J^| is 

a = 83.6°. (9.7) 

Therefore, within the acuracy of our best fit to the experimental data 

Skm ^ir -a. (9.8) 

This is only an approximation, to derive an exact relation we compute a from 

substitution of V*^ for Vj^ in Eq. ( p.9| ) gives 

a = n-wiU + < - <■ (9.10) 
Comparing ( p.lO| ) with (|9^) gives 

^KM = -« - {wt + - + vr). (9.11) 
Taking the numerical values of the w^^ from ( p.24| ) we get 

wt + + < + vr = 37r + 0.04°. (9.12) 

Hence, 

= vr - a - 0.04° mod{2-n) (9.13) 

which shows that ( |9.8|) is an excellent approximation to the numerical value of 6km- 
In passing, we notice that 

« = ^*r (9.14) 

is an exact result. 
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X. THE MIXING ANGLES IN THE PARAMETRIZATION OF 
KOBAYASHI-MASKAWA. 



Once it is established that when the best set of parameters of each parametrization, 
V^*^(6'i, 62, O3, 5km) and V*''(mj, Z^/^, $) is used, the moduh of corresponding entries 
in the two parametrizations are numerically equal, we may identify corresponding entries 
and solve for the mixing angles ^1, 62 and ^3 in terms of the quark mass ratios and the 
parameters $ and Z. 



From the identification 



we obtain 
cos^i = 



cos^^i = |V*^,|, 



1/2 



(1 - - m„)(l - md)(l - + m„/mc)(l + md/m,)^ 



X 



rrtumd 



il+m,-5:)il + ms-5*d) 



The angle 62 is obtained from the identification 



sin 61 sin ^2 = I ^ 



th\ 
td\ 



which gives 



sin 69 



\\rthi 
\^ td\ 

sin 6*1 



where 



sin 6*1 



1 \\7'th\2 



V^^l is given in Eqs. ([TOTll ) and ( 11021) , and 



V 



th 
td 



rriumcSumsil - rrid - 6d) 



1/2 



(1 - +mc)(l - m«)(l - - Thd){ms + rhd) J 
_ ( (1 - m„ - +rhc- Su)rhd{l +rhs- Su)6d 
1(1 - 5„)(1 +mc)(l - m„)(l - Sd){l - rhd){ms + rhd) ^ 



1/2 



+ 



5„mrf(l -TUd- 6d) 



1/2 



(1 +mc)(l - m„)(l - md){ms + rrid) ^ 
Computing in the leading order, we obtain 



sin 9y 



\ _|_ niums 



rus - rUd 



;io.i) 



1/2N 



1/2 



I _ rhd){l + rhs) + 2Z{m, - md){l + I^^^; 



:io. 



10.3) 



(10.4) 



(10.5) 



;io.6) 
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similarly the mixing angle 6^ may be obtained from the identification 



sin^i sin^^3 = |V, 



th\ 
ub I 



;io.8) 



Then, 



sin 6'-? 



1 I 1 2 
^ ~ \ ^ ud\ 



;io.9) 



where V^^ is given in Eq. ( |3.14| ) and sin 6*1 is given in Eq. (|10.5|) . Computing in the leading 
order of magnitude, we find, 



sin 



1 + rrid/ms 

\ _|_ nigmc 



^1/2 



rris - rrid 



rric - rriu 



;i _ + + 2Z(m, - m„)(l + 



(10.10) 



The exact values computed for sin 6*1, sin 6*2 and sin 6*3 corresponding to the best fit of 
V*^, J*'^ and Q*"^, (3^^ and 7*^ to the experimentally determined quantities are obtained from 
Eqs. ( |10.1| , |10.4| ) and ( p,0.9D when the numerical values of V^^, V*^ and V^^ computed from 
Eqs. ( ff:20D , (|103) and ([ia|) are substituted. We obtain 



sin^i = 0.2225 



;io.ii) 



sin^2 = 0.0384 (10.12) 

sin^3 = 0.0162 (10.13) 

and, from Eq. ( p.5|) , 

sin 5i^M = 0.9938. (10.14) 

If the mixing angles 9 1,62 and ^^3 are restricted to lie in the first quadrant, the corre- 
sponding numerical values of the angles are 

Oi = 12.86° 02 = 2.2° and 63 = 0.93° (10.15) 

which together with the numerical value of the CP- violating phase 6kai found in the 
previous section, 6km = 96.4°, gives the best set of values of mixing parameters in the 
Kobayashi-Maskawa parametrization of the mixing matrix corresponding to the best set 
of parameters $* = 90° and Z*^/^ = y^81/32 of the flavour symmetry breaking derived 
parametrization V*^ of the mixing matrix. 

As expected, from the way they were obtained, the numerical values of the moduli |Vj^^| 
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computed with the help of these numerical values of the mixing angles 9i, 62, 61, and 5km 
reproduce the central values of the experimentally determined |V^J^|, given in Caso et al. 

i 

In the Kobayashi-Maskawa parametrization, the Jarlskog invariant is 

J = SIS2S3C1C2C3SS (10.16) 
The corresponding numerical value is 

J = 3.0xl0~^ (10.17) 

in excellent agrement with J^^^. 



XI. SUMMARY AND CONCLUSIONS 



In the Standard Electroweak model of particle interactions, both, the masses of the 
quarks as well as the mixing parameters and the CP- violating phase appear as free indepen- 
dent parameters. In consequence, phenomenological parametrizations of the quark mixing 
matrix were introduced without taking the possible functional relations between the quark 
masses and the flavour mixing parameters into account. These functional relations are ex- 
plicitly exhibited in the theoretical quark mixing matrix V*'' derived from the breaking of 
the flavour permutational symmetry in previous works JIl, and reviewed in sections H 
and fT| of this paper. 

In this work, we explicitly exhibit the phase equivalence of the theoretical mixing ma- 
trix, V*'^, and two phenomenological parametrizations: the original Kobayashi-Maskawa [Q, 
V^*^, and the standard parametrization V^-^*^ advocated by the Particle Data Group [Q, 
0, which are written in terms of three mixing angles and one CP- violating phase. 
The equality of the moduli of corresponding entries in V*^ and V'^*^ or V"^^"^ allowed us 
to derive, exact, explicit expressions for the mixing angles and the CP-violating phase of 
the two phenomenological parametrizations as functions of four quark mass ratios m„/mt, 
rric/mt, md/mi,, mg/mb, and the flavour symmetry breaking parameters: Z^^^ and 



The numerical values of the mixing parameters of the PDG advocated standard 
parametrization sin6'j|'2, sin6'23, sin 6*^3 computed from the quark mass ratios and the best 
values of the parameters Z*^/^ and $*, coincide almost exactly with the central values of 



the same mixing parameters determined from a fit to the experimental data [38], as could 



be expected from the phase equivalence of V*'' and V^^*^, and the good agreement of | V*^| 
with the corresponding experimentally determined values |V^J^|. 

Similarly, from the equality of the moduli of corresponding entries in V*'* and V^^, we de- 
rived exact, explicit expressions for the Kobayashi-Maskawa mixing parameters, sin 61, sin 62 
and sin 63 as functions of the four quark mass ratios and the flavour symmetry breaking pa- 
rameters Z^/^ and $. As in the previous case, the numerical values of the mixing parameters, 
sin^jl', sin6'2 and sin ^3 and the CP- violating phase computed from our expressions and the 
quark mass ratios and the best values, Z*^/^ and $*, of the symmetry breaking parameters, 
are such that the numerical values of |V^^| reproduce almost exactly the central values 
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\ ij I 



and the Jarlskog invariant, 
computed from quark 



\T*PDG\ 
^ ub 



) 



of the experimentally determined values of the moduli, 
J'^^^, as given in Caso et. al. 0. 

The numerical values of the CP-violating phase ^13 = arg 

mass ratios and the best values of the parameters Z*^/'^ and $* is ^13 = 73.2° in good 
agreement with the bounds extracted from the precise measurements of the B'^ oscilla- 
tions frequency and the measurements of the rates of the exclusive hadronic decays 
ttK [EoI. The numerical values of the CP- violating phase 6km of the Kobayashi- 



Maskawa parametrization computed from quark mass ratios and the best values of Z^/^ and 
$ is S^^j^^ = 96.4°. It may be worth to remark that 6km is not a small number as it is 
sometimes assumed [02 1. 



In conclusion, the three mixing angles and the CP-violating phase which appear in the 
phenomenological parametrization of the quark mixing matrix as free, linearly independent 
parameters are expressed in this work as functions of four quark mass ratios and two flavours 
symmetry breaking parameters Z^^^ and The numerical values of the mixing angles and 
CP-violating phase computed from quark mass ratios and the best values of the symmetry 
breaking parameters Z*^/^ = ^^81/32 and $* = 90° coincide almost exactly with the central 
values of the same mixing parameters determined from a fit to the experimental data. The 
predictive power of the theoretical quark mixing matrix V*'* implied by this fact has its origin 
in the flavour permutational symmetry of the Standard Model and the assumed symmetry 
breaking pattern from which the texture in the quark mass matrices and the quark mixing 
matrix V*^ were derived. 
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